Abstract. A generalization of Nash-Williams' lemma is proved for the structure of m-uniform null (m − k)-designs. It is then applied to various graph reconstruction problems. A short combinatorial proof of the edge reconstructibility of digraphs having regular underlying undirected graphs (e.g. tournaments) is given. A type of Nash-Williams' lemma is conjectured for the vertex reconstruction problem.
Introduction
Let X be an N element set. By 2 X and X (m) we denote, respectively, the power set of X and the family of all the subsets of cardinality m. We define an . As pointed out in [GKR] , a vector x such that xH k m = 0 is the same as an m-uniform null (m − k)-design. The main result of Section 2 is the result on the structure of x when xH k m = 0 (Theorem 1). In Section 3 we give several applications of Theorem 1 to edge reconstruction, reconstruction from the shuffled edge deck, reconstruction from the k-edge deck etc. We demonstrate that several earlier results (results of Nash-Williams [N] , Lovász [L] , Müller [M] , and Alon et al [ACKR] ) follow from Theorem 1 in more general forms. In Section 4 we prove, using a simple combinatorial argument, the edge reconstructibility of directed graphs having regular underlying undirected graphs. This result, as a special case, proves a result of Harary and Palmer [HP] that tournaments are edge reconstructible. In Section 5 we conjecture an analogue of Nash-Williams' lemma for the vertex reconstruction conjecture. We also give some examples supporting the conjecture.
2. Main theorem on the structure of x Theorem 1. If xH k m = 0 then for arbitrary fixed sets B and A l such that B ⊆ A l and A l ∈ X (m) we have
for every T such that T ⊆ B.
To prove this we first prove the following two lemmas.
Proof. Choose any set C ⊂ X such that |C| = m − k − 1. Consider all the (m − k)-sets containing C. Each m-set that contains C, contains exactly k + 1 subsets containing C and having cardinality m − k. Thus
But the inner sum on the R.H.S. is 0 because xH k m = 0. Therefore, i|A i ⊇C x i = 0. As C is arbitrary, we have xH k+1 m = 0. This implies the lemma.
The next lemma is the Möbius inversion technique.
Lemma 2. Let a and b be two real valued functions defined on 2 X . For S ∈ 2 X , let a : S −→ a S and b : S −→ b S . If the two functions are such that
The proof of this is straight forward, and we omit it.
Proof of Theorem 1
As stated in the statement of Theorem 1, we fix S ⊆ B ⊆ A l , A l ∈ X (m) . For any T ∈ 2 X , we define
Thus the functions defined above satisfy the conditions of Lemma 2, and we have, when T ⊇ S,
This completes the proof of Theorem 1.
Remark 1. Bondy observed (see Section 10 in [B] ) that this is just a different formulation of the Frankl-Pach lemma in design theory (whose proof may be found in [B] ).
Applications of Theorem 1
Let Γ g = {G 1 , ..., G r } and Γ h = {H 1 , ..., H r } be two sets of m-edge spanning subgraphs of a labelled complete graph K n , such that [
(Here by [G] we denote the isomorphism class of a labelled graph G.) Let S i g denote the k-edge deck of G i i.e. the collection of all the unlabelled k-edge deleted subgraphs of G i . By S g we will denote the shuffled k-edge deck (k-SED) of Γ g i.e. ∪ r i=1 S i g (where the union is the 'multiset union'). We call it just the shuffled edge deck (SED) when k = 1. In [T1] , the author studied the problem of reconstructing Γ g up to isomorphism from its SED (i.e. the problem of proving that Γ g and Γ h are same upto isomorphism classes of the graphs in these sets when S g = S h ). This problem is relevant to the vertex reconstruction problem, and also is interesting in its own right.
To apply Theorem 1 to reconstruction problems, we need some notation and also have to define the matrix H k m and the vector x in a particular manner. We will denote the automorphism group of a graph by autG. We consider a fixed labelled complete graph K n and imagine all the graphs under consideration as fixed spanning subgraphs of K n . For graphs G and H and a spanning subgraph B of G, we define (H, G, B) = |{f ∈ autK n s.t. f (H) ∩ G = B}| where f (H) and f (H) ∩ G have usual meanings. To define the matrix H k m , we choose the set X as the edge set of K n , then the elements of X (m) denote the m-edge graphs with vertex set V (K n ), and the elements of X (m−k) denote the (m − k)-edge graphs on the same vertex set. The m-edge and (m − k)-edge graphs are respectively denoted by A i and B j . Define a row vector x G whose entries are indexed by A i ∈ X (m) , as follows.
The ith entry (
We assume, in all the applications below, that x and H k m are as defined above. The applications of Theorem 1 to reconstruction are based on the following lemma.
Lemma 3. If Γ g and Γ h are two nonisomorphic reconstructions of the same Proof of this is on the same lines of that in [GKR] , except that we use an analogue of Kelly's lemma (see [K] ) for the shuffled k-edge deck rather than k-edge deck. An analogue of Kelly's lemma for k-SED can be proved in the same manner as Kelly's lemma. We skip the details here.
In applications (A1) to (A4) we assume k = 1, S = φ, B = A l and T ⊆ A l .
(A1) With these assumptions,
This is exactly analogous to Nash-Williams' lemma. When Γ g and Γ h are two nonisomorphic reconstructions of the same SED then Lemma 3 along with Equation (2) gives
for any fixed G l in Γ g and for any spanning subgraph T of G l , where λ is the number of graphs in Γ g isomorphic to G l . For r = 1, this is same as the Nash-Williams' lemma for edge reconstruction.
(A2) Lovász's result [L] (that m > 1 2 n 2 implies the edge reconstructibility of an m-edge, n-vertex graph) remains unchanged even for shuffled edge deck problem. This is because if we take T = φ and fix A l such that x l is nonzero, then from Equation (2), we get A i such that A i ∩ A l = φ. Thus, if X does not have 2 m distinct elements then x H 1 m = 0 implies that x = 0. This, in case of shuffled edge deck problem, says that if m > 1 2 n 2 then Γ g is reconstructible up to isomorphism classes of graphs in it, from its SED.
(A3) Müller's result [M] changes by an additional log r term i.e., m > n log n− n+log r implies that we can get, from SED, the set Γ g upto isomorphism classes of graphs in it. This can be proved from Equation (3) as follows: when we fix G l ∈ Γ g , and consider 2 m different spanning subgraphs of G l in Equation (3), we get at least 2 m nonzero entries in x. In the isomorphism class of a graph G, there are exactly n!/|autG| graphs, so x has at most 2rn! nonzero entries. Thus when 2 m−1 > rn!, we have the reconstructibility from SED. This gives an additional log r term in Müller's result. Thus Lovász's result is more general than Müller's result in the sense it gives the same lower bound on the number of edges, irrespective of r.
(A4) In the problem of reconstruction of a set of claw-free, chordal or P 4 -free graphs from the shuffled edge deck, the elemination of K 4 can be done in a similar way as in [EPY] . This is demonstrated in [T1] , where the problem of edge reconstruction of set of connected graphs is solved for claw-free and P 4 -free and a large class of chordal graphs.
In the following three applications, we assume that k > 1.
(A5) To apply Equation (1) to k-edge reconstruction, we fix sets S and A l such that x l is nonzero, S ⊆ A l and |S| ≤ m − k. We claim that there must exist a set B such that |B| ≥ m − k + 1 and i|A i ∩B=T x i is nonzero for all T such that S ⊆ T ⊆ B. This follows from the fact that x l is nonzero and for
This is exactly analogous to the generalization of Nash-Williams' lemma for k-edge reconstruction, which was proved in [ACKR] . But Equation (4) can be used also for reconstruction from k-SED. Thus for any fixed G l ∈ Γ g , and a spanning subgraph S of G l such that |E(S)| ≤ m − k, there exists a spanning subgraph B of G l with |E(B)| ≥ m−k +1 such that for all spanning subgraphs T of G l with E(S) ⊆ E(T ) ⊆ E(B), we have (B) x i = 0 (A6) The analogue of Lovász's result is the same for reconstruction from shuffled k-edge deck as from k-edge deck i.e. if 2(m − k + 1) + k − 1 > n 2 (or 2m ≥ n 2 + k) then Γ g is reconstructible up to isomorphism classes of graphs in it, from its k-SED.
(A7) The result of [GKR] (that m − k > n log 2 n − n implies k-edge reconstructibility) improves by additional log r term in case of reconstruction from k-SED. Claims in (A6) and (A7) follow from Equation (5) if we consider S to be a graph with empty edge set. 
(−1)
The proof of this is given as an appendix at the end. In the case of k-edge reconstruction, this means the following: when G and H are two nonisomorphic reconstructions from the same k-edge deck such that no m−k +1 edge graph is isomorphic to a subgraph of both G and H, then (−1) m−k+1−|E(T )| {(G, G.T ) − (H, G, T )} is positive for all spanning subgraphs T of G such that |E(T )| ≤ m − k. For k = 1, this is the usual Nash-Williams' lemma. The above result
then at least one (m − k + 1)-edge subgraph of G is isomorphic to a subgraph of H. An analogue of this is also valid for reconstruction from k-SED. Thus for reconstructing only 'partially' (i.e., for reconstructing only some (m − k + 1)-edge subgraph), we get a better lower bound than n log n−n+k on the number of edges.
Some general results about Nash-Williams' lemma, and some of its recent applications may be found in [ACKR] , [KR1] , [KR2] .
A combinatorial technique for edge reconstruction
Theorem 2. Directed graphs having regular underlying undirected graphs are edge reconstructible.
Proof. The proof is divided into two parts, recognition and reconstruction.
Recognition. This is trivial because the underlying undirected graph is regular and, therefore, trivially edge reconstructible.
Reconstruction. Suppose that the graph is not edge reconstructible. Let G and H be two labelled nonisomorphic directed graphs having regular underlying undirected graph and having the same edge deck. Let F be the regular underlying undirected graph of G. Underlying undirected graph of H is isomorphic to F . Now we can identify uniquely the pair of vertices in an edge deleted subgraph of G, where we must put a directed edge. Thus for each directed edge (a, b) in G we get a reconstruction H 1 = G − (a, b) + (b, a), which is nonisomorphic to G. (Obviously H 1 is isomorphic to H: as only (b, a) can be the replacing edge of (a, b), there are at most two nonisomorphic reconstructions possible.) Similarly if we change the direction of any edge of H , we get a reconstruction isomorphic to G. Thus, from a fixed underlying undirected graph, depending upon the choice of the direction for each edge, we get 2 m−1 reconstructions isomorphic to G and 2 m−1 reconstructions isomorphic to H. There are exactly n!/|autF | graphs on the same vertex set, isomorphic to F and each one of them gives 2 m−1 distinct graphs isomorphic to G. The number of graphs isomorphic to G is n!/|autG|. Thus,
Now, the number of powers of 2 in n! is ⌊n/2⌋ + ⌊n/4⌋ + ⌊n/2⌋ + ... + 1 which is less than n(1/2 + 1/4 + ...) = n. Therefore, m ≤ n.
If the graph is disconnected and is a disjoint union of directed graphs whose underlying undirected graphs are cycles then it is trivially edge reconstructible. Thus we assume that F itself is a cycle. In this case, if the graph is not edge reconstructible then by changing the directions of some of the edges, we can prove that either G or H (say G) is a directed cycle. As the graphs obtained by changing the directions of even number of edges of G should be isomorphic to G, we change the directions of just two edges of the directed cycle. The resulting graph is not a directed cycle (i.e.,not isomorphic to G), which is a contradiction. This completes the proof.
Remarks.
(1) This theorem, as a special case, proves that tournaments are edge reconstructible, which was proved by Harary and Palmer [HP] . (2) The same technique, in fact, proves the edge reconstructibility of digraphs whose underlying undirected graphs have no two vertices differing in their degrees by 1. (3) By a similar method we can prove the following result for undirected graphs. Let G and H be two graphs having the same edge deck such that every edge e of G has exactly one replacing edge f such that [G−e+ f ] = [H] and every edge set {e i , e j } ⊆ E(G) has exactly one replacing edge set {f i , f j } with the property
, then G is isomorphic to H. There may not exist graphs satisfying the conditions of this result but it will be interesting to identify classes of graphs for which the assumption of nonreconstructibility will imply the conditions of this result. We ask the question: can we prove the edge reconstructibility of the class of maximal planar graphs (for which the vertex reconstructibility is also known [FL] ) by this method?
5. Nash-Williams' lemma and vertex reconstruction Let G and H be fixed spanning subgraphs of a labelled complete graph K n and A be any subset of the vertex set of K n . Let G| A and H| A be the subgraphs of G and H respectively, induced by the vertex set A. We say that A is a maximal intersection of G and H if G| A = H| A and there is no x ∈ V (K n ) − A such that G| A∪{x} = H| A{x} . There may exist many maximal sets of intersection of G and H.
Suppose that there is a pair of nonisomorphic graphs G and H which is a counter example to the edge reconstruction conjecture (ERC). Then NashWilliams' lemma says that for every edge set E ⊆ E(G), there exists an edge set F such that
respectively, on whether |E| is even or odd. We expect an exact analogue of this for the counter examples to the vertex reconstruction conjecture (VRC) (if there exist any). We thus conjecture the following statement of a NashWilliams' lemma for the vertex reconstruction conjecture. Conjecture 1. Let G and H be two nonisomorphic spanning subgraphs of a labelled complete graph K n , having the same collection of unlabelled vertex deleted subgraphs. Then, if n − |A| is odd then there exists f ∈ autK n such that A is a maximal intersection of f (H) and G, and if n − |A| is even then there exists f ∈ autK n such that A is a maximal intersection of f (G) and G.
If this is true then, for n > 2, it will immediately imply the following: if all the vertex degrees are greater than n/2 then the graph is vertex reconstructible (to prove this take A as one-vertex set). This will be an analogue of Lovász's result. To support this expectation we do not know any counter examples to the vertex reconstruction conjecture, except the two vertex counter example
This example trivially satisfies the hypothetical Nash-Williams' lemma. But we have many counter examples for digraph reconstruction (see [S1] , [S2] , [S3] ). It can be verified that the counter example tournament pairs shown Figure 1 satisfy the above conjecture. We conjecture that our Hypothetical Nash-Williams' lemma is a characterization of counter example pairs of tournaments.
In case of vertex reconstruction we know that a graph is vertex reconstructible iff its complement is vertex reconstructible. So, if we have the above analogue of Lovász's result then that will mean that if all degrees are less than n/2 then the graph is vertex reconstructible. Thus we can expect a counter example only in graphs in which some of the degrees are greater than n/2 and some are less than n/2. In this context it is interesting to observe that the above counter examples for digraphs contain some vertices with indegree < n/2 and out degree > n/2, and some vertices with indegree > n/2 and out degree < n/2. By induction hypothesis, each term of the above expression is positive. This proves the desired result.
